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With the results of a modification of Prandtl’s mixing length theory, heat transfer in laminar- 
turbulent transition flow i s  considered. An analytical study was made to obtain the eigenvalues, 
Nusselt numbers, and temperature distribution for transition region flows between constant tem- 
perature parallel plates. Reynolds numbers ranging from 4,800 to 43,000 and Prandtl numbers 
from 0.01 to 100 were investigated. Six to nine eigenvalues were obtained for each set of 
parameters. These values were used to compute local Nusselt numbers and thermal entrance 
lengths. The practicality of four numerical methods used for solving the associated Sturm- 
Liouville system is discussed. 

It i s  shown how heat transfer effects change in the transition region. As expected, these changes 
are more rapid for higher NP? fluids where eddy diffusion i s  most effective. 

This analytical investigation repre- 
sents an attempt to explore heat trans- 
fer in the transition region for fluid 
flowing between infinite parallel plates. 
Many investigations considering heat 
transfer for laminar or turbulent flows 
are available. However the transition 
region between these flow regimes is 
relatively unexplored. 

For the laminar-flow problem varia- 
tions on the Graetz solution are num- 
erous. Significant fully developed con- 
vection heat transfer calculations have 
been made for turbulent flow by Reyn- 
olds (18),  Taylor ( 2 4 ) ,  Prandtl (16), 
Murphree ( 1 4 ) ,  Von KLrmLn ( 2 7 ) ,  
Reichardt ( 1 7 ) ,  Martinelli (1 1 ) , Lin, 
Moulton, and Putnam ( l o ) ,  Seban 
and Shimazaki ( 2 0 ) ,  Deissler ( 4 ,  5 ) ,  
Sleicher ( 2 2 ) ,  Sparrow, Hallman, and 
Siege1 ( 2 3 ) ,  and others. However the 
investigation of the transition region 
has been hindered by a lack of an ade- 
quate expression for the velocity dis- 
tribution. This investigation utilized 
the velocity and eddy diffusivity dis- 
tributions given by Gill and Scher ( 8 )  
to soIve the energy equation. 

ANALYSIS 

This investigation employs the fol- 

1. Velocity profile is fully devel- 

2. Uniform entrance temperature. 

lowing assumptions: 

oped. 

3. Constant fluid properties and 
wall temperature. 
4. Ratio of eddy diffusivity of mo- 

mentum and heat is constant and equal 
to one. For low N,, flows this assump- 
tion appears to be tenuous. However 
to indicate trends in the transition 
region over a wide range of N,, calcu- 
lations for N,, = 0.01 have been in- 
cluded. 

5. The walI is smooth. 
6. The velocity and temperature 

fields are symmetrical. 
7. Axial conduction is neglected. 

This assumption will be shown to 
introduce negIigible errors. 

The energy equation for fully de- 
veloped flow between infinite parallel 
plates neglecting source terms is 

If ( 1  + 4 N p , )  is denoted by f ,  

Equation (1) becomes in dimension- 
less form 

a8 a 
ap aE U Npem- = - ( f % )  (2)  

Assuming 

then one gets 

e = % A X n  (8 )  Y, ( 6 )  
n 

d X ,  X, - +-xn= 0 (3)  
d p  N P e ,  

2- ( f 2) + x, u Y” = 0 (4) 
de 

and the solution to Equation (1) is 

n=, 

where Y, and An are eigenfunctions 
and eigenvalues associated with Equa- 
tion (4). 

The boundary conditions in view of 
assumptions 2, 3, and 6 are 

0 ( 0 , ~ )  = 1 or n-1 8 A , Y ,  ( E )  = 1 (5a )  

e (b, 1) = 0 or Y, (1) = 0 ( 5 b )  

Since Equations (4), (5b ) ,  and 
( S c )  constitute a Sturm-Liouville SYS- 
tem 

u YVb de 

Alternately 

( 7 )  
- 1  
dY,(I) 

d x ,  

The temperature gradient at the 
wall is readily obtained by taking the 
derivative of Equation (5) 
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Using Equation (4)  one obtains 

m LJ;.a 

By definition 
4 h ro 

K 
NNu = - 

which yields, with Equations (8) and 
(9) 

(10) 
As B approaches infinity, the asympto- 
tic Nusselt number is obtained as 

The velocity distribution and eddy 
diffusivity of momentum equations 
were taken from Gill and Scher ( 8 ) .  
Hence 

ytn - 60 
22 +=  

Equations (12) and (13) together 
with 

$:n* u+ dy' 

?4+n 
Uia = (14) 

NR. = 4 ~ + o  Yim (15) 

enable one to calculate the desired 
heat transfer results. 

METHODS OF COMPUTATIONS 

Direct numerical integration of 
Equation (12) with the Newton-Cotes 
formulas gave the velocity distribution 
data. The eddy diffusivity was com- 
puted at the same time. 

Several methods for obtaining the 
eigenvalues and eigenfunctions of 
Equation (4)  were employed. The 
smallest eigenvalue may be determined 
easily with the Stodola-Vianello itera- 
tion technique, but even when refine- 
ments described by Beskin and Rosen- 
berg ( 2 )  were used, the method was 
not found to be satisfactory for deter- 
mining higher-order eigenvalues. The 
accuracy gradually decreases because 
of the sweeping process required for 
each higher-mode eigenvalues. 

When one follows Beckers ( l ) ,  a 
power series expansion in A,L 

0.01 

U. 
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0.9 
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5 
0.7 
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2.10a lo1 

N R O  

Fig. 1. Friction factor and velocity ratio vs. 
N R b  

m 

Y, ( E )  = 8 YL ( E )  hl,, 
1 =0 

can also be used. Only the first two or 
three eigenvalues were obtained satis- 
factorily by this method because of 
accumulated error inherent in the suc- 
cessive numerical integration in the 
evaluation of series coefficients and 
increased truncation error for larger 
eigenvalues. 

I t  is recommended that Ritz's varia- 
tional method ( 2 5 )  should be used for 
the first two or three eigenvalues and 
then direct numerical integration to 
obtain higher order eigenvalues. In the 
latter case several trials are necessary 
so that the eigenvalue finally used 
yields the correct boundary values at 
E = 1. The chief advantage of this 
method is that the determination of 
L,,, is not dependent on the accuracy 
of L, and hence error does not ac- 
cumulate. 

For convenience Equation (4)  was 
transformed to the form 

by the transformation 

In this form df/dr is not required, and 
the coefficients in this equation are 
multiplied by f rather than divided by 
f .  For N,, greater than 1 it was found 
desirable to express f in the form (k + :) . The conversion of nec- 

essary quantities accompanying this 
form of f is easily achieved. 

Using 
d Y ,  

2, = - 

one may reduce the second-order dif- 
ferential equation to 

dF 

In this way the differential Equation 
(4)  was solved directly with the 
Runge-Kutta formulas. The boundary 
conditions are 

Z n = O  at E = O  

Y n = O  at € = I  

and Y, may be taken equal to one at 
the center of the channel without loss 
of generality. Since 

f = 1  at ~ = l  

the derivatives ( dYn/dc) L=, and (dY,/ 
dL),,, are evaluated at the same time. 
The false position method was used for 
testing and generating better eigen- 
values for successive trials. 

With the quantities mentioned above 
available, it is a straightforward com- 
putation to obtain b, the temperature 
distribution, and Nusselt number. Con- 
ventionally thermal entrance lengths 
were determined as the lengths at 
which the ratios of local to asymptotic 
Nusselt numbers were 1.05. 

RESULTS AND DISCUSSION 

Since they were not previously 
given, the ratio of average to maxi- 
mum velocity and the friction factor 
vs. NRe relation based on Equations 
(14) and (16) are shown in Figure 1. 

Some comments concerning these 
seem in order. Qualitatively the results 
correspond well with the experimental 
data of Whan and Rothfus (28)  and 
Rothfus and Baldwin (19) .  However 
these investigators suggest that transi- 
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100 

196.5 
72,280 

225,900 
434,600 

100 

20,890 
55,370 
95,400 

56.71 

100 

5,280 
11,210 
21,010 

20.48 

100 

1,535 
3,516 
6,708 

11.56 

10 

92.49 
7,620 

23,890 
48,000 

10 

27.71 
2,306 
6,558 

12,600 

10 

10.71 
675.6 

1,795 
3,331 

10 

247.9 
653.4 

6.303 

1,260 

TABLE 1. EIGENVALUES 

42,647 

1 

32.45' 
897.8 

2,716 
5,441 

11,695 

1 

297.7 
854 

1,676 

11.34 

5,763 

1 

5.322 
109.7 
313.3 
614.8 

5,038 

1 

3.666 
58.78 

166.1 
327.2 

0.1 

9.184 
132.1 
379.6 
750.9 

0. I 

4.547 
58.71 

166.5 
328.1 

0.1 

3.106 
35.89 

102.8 
205 

0.1 

2.815 
31.63 
91.46 

182.5 

tion between plates occurs at N,. = 
2,750, whereas the transition point 
used here is NRs = 4,800. If in the 
original development of Equations 
(12) and (13) the critical NRe for 
tubes has been taken as 1,200 as sug- 
gested ( 2 8 ) ,  rather than 1,800 on the 
basis of  Senecal's results ( 2 1 ) ,  the 
authors' critical N R ,  for plates would 
be 3,200. On the other hand stability 
theory (12)  predicts considerably 
higher NRe critical, and the velocity 
distribution used here agrees well with 
other experimental data in the transi- 
tion region (8). Also, since so many 
factors including heat transfer affect 
the laminar turbulent transition, it 
does not seem that a definite answer 
is available yet. Therefore this work 
may be considered an attempt to de- 
scribe analytically how the transition 
to turbulent flow affects heat transfer, 
even though the transition region may 
shift with respect to NRe, depending 
on the experimental conditions. 

Some of the calculated eigenvalues 
are tabulated in Table 1 . O  These val- 
ues will vary somewhat depending on 
the physical assumptions made. It is 
seen that the change in the magnitude 
- 

dyn 111 * Complete tables of An, An, and __ have 
d F  

been deposited as document 7075 with t?;e Ameri- 
can Documentation Institute, Photoduplication 
Service, Library of Congress, Washington 25, 
D. C., and may be obtained for $1.25 for photo- 
prints or for 35-mm. microfilm. 

0.01 

3.54 
36.62 

102.9 
202.5 

0.01 

2.82 
28.08 
79.37 

157 

0.01 

2.641 
26.6 
76.46 

152.8 

0.01 

2.684 
28.46 
82.67 

165.3 

4,800 

2.828 
32.15 
93.48 

186.8 

of the eigenvalues is abrupt for the 
lower modes. For those wishing to 
make calculations at conditions other 
than those investigated here, log-log 
cross plots of the h, for various values 
of the parameters should be very use- 
ful. 

It is well known that the N,, de- 
pendence on the number of eigenval- 
ues used is most important in the en- 
trance region, and that the number of 
eigenvalues necessary for computing 
accurate values of local Nusselt num- 
bers depends strongly on the distance 
from the entrance. For ,8 3, three to 
eight eigenvalues will be sufficient de- 
pending on N R .  and N p r .  In the tran- 
sition region the number of eigenval- 
ues necessary is not simply related to 
N,, as in the Graetz problem. For N,, 

1, the number of eigenvalues neces- 
sary is less for higher N,, and smaller 
N p r .  However as N,. increases, the de- 
pendence on NSt decreases; AIso as 
N,, decreases, the NRs effect decreases 
and shows a slight tendency toward 
requiring fewer eigenvalues for smaller 
NRB. 

The coefficients A,, were calculated 
with both Equations (6) and (7). For 
lower N R e  and Npr the agreement be- 
tween these two equations was better 
than for higher values of these param- 
eters. For the laminar flow case the 
results were in good agreement with 
Brown's triple precision calculation 
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( 3 ) -  The first four coefficients are tab- 
ulated in Table 2. At higher N,. and 
N,,, because of the drastic change in 
the eigenfunctions near the wall, care 
must be taken in using Equation (6). 
Equation (7) was found to be more 
satisfactory for this case. Table 3 gives 
the corresponding derivatives of the 
eigenfunctions at the wall. 

Figures 2a, 2b, 2c, and 2d show the 
local NNu and thermal entrance lengths. 
Calculated thermal entrance lengths 
reported in the literature (1, 4, 22, 
23)  differ significantly depending on 
the boundary condition at the wall, 
the method used, and the number of 
eigenvalues determined. It was found 
that the thermal entrance length for 
high Prandtl number fluids changes 
rapidly in the transition region and 
shows a drastic decrease as N X e  in- 
creases. This occurs because of in- 
creased eddy diffusion which moves 
the effective thermal region closer to 
the wall. Thus, in the fully developed 
turbulent region, the temperature pro- 
file across the channel becomes very 
flat and the temperature gradient at 
the wall very large, so that it requires 
only a short distance for the fluid to 
establish this kind of profile ( 4 ) .  For 
low Prandtl number fluids, except at 
the beginning of the transition region, 
the thermal entrance length increases 
with NR6.  In this case the increase in 
total radial diffusion is not sufficient 
to offset the improved axial convec- 
tion. Hence a longer distance is re- 
quired to approach the asymptotic 
profile. If one plots the thermal en- 
trance lengths for various values of the 
parameters, some interesting results 
are obtained. With N,, 1, the ther- 
mal entrance length decreases with 
increasing N,,,  and for N p ,  = 0.01 it 
increases with increasing N R e .  The be- 
havior of N p ,  = 0.1 is particularly in- 
teresting. It is seen that a minimum 
occurs with increasing N R s ,  and this is 
apparently the region in which the 
dominant transport mechanism changes 
with regard to establishing the tem- 
perature field. That is at the start of 
the transition region eddy diffusion 
more than compensates for the in- 
creased axial convection, but as NX, 
increases further, axial convection pre- 
dominates. 

Asymptotic NNu calculated by Equa- 
tion (11) are presented in Figure 3. 
For high Np, ,  NNu increases very 
rapidly as NRa changes from 4,800 to 
5,038. The asymptotic results also 
have been compared with other inves- 
tigations. Poppendiek's (15) low N,, 
results are higher but give better 
agreement at larger values of NRe. 
However the difference increases as 
N,. decreases. Agreement with Gill 
and Scher's (6) results for N,, 1 is 
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good for N B s  ~ 1 0 , 0 0 0 ,  but their re- 
suits are lower in the low N p r  range. 
These differences apparently are due 
to the velocity distributions used. types of approximations for liquid with @ for low Npr fluids. 
However the low N p s  calculations may 

greater distances from the wall, to- 
gether with a method similar to that 
given in (7).  However boundary layer 

metal heat transfer can probably not 
be expected to apply well much be- 
yond fi  6 1, since & varies rapidly 

be in error on the order of 10% dr 
more because of the uncertainty in the 
ratio EJE,,,. Also body force or natural 
convection effects are more important 
in low N E s  flows and introduce error 
as well. The problem involving the 
magnitude of the eddy diffusivity ratio 
may in large measure be avoided by 
considering that N p T  referred to here 

is really (i N ~ . ) .  

Since many eigenvalues are neces- 
sary in order to compute N N u  at very 
small d u e s  of 8, it is much simpler 
to calculate NNU by the following 
asymptotic equation: 

(17) 
This equation is essentially the LB- 
v6que approximation and may easily 
be derived from a result given else- 
where (13 ) .  The length at which both 
methods give approximately the same 
value of NNu depends on the parame- 
ters. This length decreases as N R e  in- 
creases or as N,, decreases. The 
results indicate NNu calculated with 
Equation (17) is reasonably good up 
to substantial distances from the inlet 
for N p ,  > 1. On the other hand, at 
low N,,, Equation (17) is restricted 
to distances of /i? 1. A better 
asymptotic approximation for low N,, 
and N R s  > 10,000 can probably be ob- 
tained without difficulty by neglecting 
eddy diffusion and using a veIocity 
distribution in the form 

u + = y + + a y " +  . . .  
which will describe the velocity at 

100 

1.006 

0.00654 
-0.0094 

-0.00769 

100 

1.0063 
-0.01178 

0.01179 
-0.01251 

100 

1.0118 

0.02277 
-0.01854 

-0.2143 

100 

1.018 
-0.03668 

0.03172 
-0.02381 

TABLE 2. SERIES COEFFICIENTS A, 

10 

1.024 

0.0194 
-0.0357 

-0.01497 

10 

1.026 
-0.0429 1 

0.0272 
-0.02533 

10 

1.036 
-0.05069 

0.04732 
-0.0373 

10 

1.059 
-0.09756 

0.06999 
-0.05175 

42,647 

1. 

1.075 

0.06072 
--0.1117 

-0.04337 

11,695 

1. 

1.089 
-0.1289 

0.0789 
-0.05845 

5,763 

1. 

1.117 

0.1015 
-0.1672 

-0.07519 

5,038 

1. 

1.141 

0.13 
-0.2188 

-0.09274 

0.1 

1.159 

0.1388 
-0.24 

-0.09859 

0.1 

1.179 
-0.2717 

0.1606 
-0.1125 

0.1 

1.193 
-0.3022 

0.1669 
-0.1124 

0.1 

1.205 
-0.3051 

0.1666 
-0.11 19 

0.01 

1.23 
-0.3549 

0.2086 
-0,1465 

0.01 

1.239 
-0.3636 

0.207 
-0.1415 

0.01 

1.232 

0.1874 
-0.3408 

-0.124 

4,800 

0.01 

1.217 1.201 
-0.3232 -0.2992 

0.1729 0.1608 
-0.1151 -0.1074 

100 8 

Fig. 20. N R ~  = 5,038. 

0 5 0  150 
P 

Fig. 2b. Nxe = 5,763. 

Fig. 2. Nusselt number and thermal entrance length. Horizontal lines indicate asymptotic NN",. Vertical lines indicate the value of p at which 
N N J N N ~  = 1.05. 
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The local N y y  does not truly reflect 
the heat flux variation with distance 
from the inlet, since the bulk mean 
temperature varies as well. However 
the dimensionless temperature gradient 
at the wall is directly proportional to 
the heat flux. Therefore temperature 
gradients as a function of NRe and N p ,  
for = 5 and f i  = 25 are given in 
Figures 4a and 4b. The temperature 
gradient at the wall, particularly at 
high, N,,, increases rapidly with in- 
creasing NRe. If the gradient vs. /3 for 
various NILe and Npv  is plotted, it is 
found that at large the curves flatten 
out showing that the resistance to heat 
transfer is fally established. As /3 de- 
creases, the temperature gradient in- 
creases indicating a thinner effective 
thermal boundary layer and thus a 
larger quantity of heat transferred. In 
the case of highly conductive fluids, 
such as liquid metals, heat transferred 
in this region is of great practical im- 
portance, since equipment failures, 
which may occur due to thermal stress, 
can be disastrous. 

The results of this investigation are 
also applicable to the case where the 
temperature distribution at the en- 

I S 0  

100 

X 
3 z 

z 
-I 

5 0  

C 

trance is an arbitrary function of y, say 
G ( y) . Clearly, this affects only Equa- 
tion (5a). l f  say 6 is defined in terms 
of the bulk mean inlet temperature, 
then one need modify only the A, to 

J : B ( O ,  E)  U Yn de 

If the wall temperature is an arbitrary 
function of the axial distance, the 
method of superposition may be ap- 
plied to the present results (9, 2 6 ) .  

It is relatively simple to test the 
validity of assumption 7 in an approxi- 
mate way at least. To do this one 
may assume that total axial conduc- 
tion is k times that radially. Hence 
Equation ( 2 )  becomes 

86 
U N P ~ ,  - - - ap aE 

k a ( f E )  (18) aa a/3 
Let 

m 

8 == t A, Fn (/3) Y n  (E) ( 19) 
?I-1 

where A,, and Yn ( E )  were previously 

30 40 
2o P 10 

Fig. 2c. N R ~  = 11,695. 

3 x 1  0' I o4 I 06 

NU. 

Fig. 3. Variation of asymptotic Nusselt number 
with Reynolds number for various NP,. 
x, - - - Gill and Sher (6); - . - . - . - 

. - Poppendiek (75). 

determined. Substituting Equation (19) 
into (18) and integrating with respect 

Fig. 2d. N R ~  = 42,647. 

Fig. 2. Nusselt number and thermal entrance length. Horizontal lines indicate asymptotic NN-. Vertical lines indicate the value of p at  which 
NYJNY~O~ = 1.05. 
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J = equivalent diameter ( L )  

a b 

Fig. 4. Temperature gradient as a function of N R .  for various @. 

to e from 0 to 1 one obtains Center of Syracuse University and were 
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Fn = NOTATION 
A = coefficient, Equation (5) 
CP 

k tf Y ,  de 

Since F, ( m )  + 0 = heat capacity ( Le/taT) 

w 

f 

G(Y) 
F 

h 

k 

K 

L 
M 
T 

t 
T 

U+ 

U* 

U 

U 

X 

Y 

Y’ 
Y 

= 1 + (:) N p r  

= friction factor (Fanning) 
= arbitrary initial temperature 

= heat transfer coefficient ( M /  

= dimensionless constant equal 

distribution 

t3T)  

to 0.36 

= thermal conductivity (3 
= length ( L )  
= mass ( M )  
= distance from center to wall 

( L )  
= time ( t )  
= temperature ( T )  
= point velocity ( L / t )  
= dimensionless velocity pa- 

= friction velocity ( L / t )  
= dimensionless velocity ob- 

tained by dividing any vel- 
ocity by maximum velocity 

= axial distance ( L )  
= distance from wall to center 

= dimensionless distance pa- 

= eigenfunction 

rameter 

( L )  

rameter ( y u * / u )  

Dimensionless Groups 

N N u  = Nusselt number (7) 
( 2 0 )  

A=n Cf Ynde 
N P . ,  Y”’( I) 

N*Pem Yn’(1) 
- 
2 k k e t x f  Y n d ~  F,(B) = e 

The error introduced by assumption 7 
can be estimated by comparing (h)/ 
( N P ~ , )  in Equation ( 5 )  with the cor- 
responding term in the F , ( p )  func- 
tions. For the dominant initial terms 
in Equation (19) the value under the 
radical in Equation ( 2 0 )  is close to 
one, and hence it can be shown, with 
the binomial expansion, that the co- 
efficients of p in the F,(B) functions 
differ from ( L ) / ( N p e , )  by less than 

A”, k t f Y, de 

4 N3rem Y,: (1) 

For N p ,  = 0.01 and N R e  = 5,038, 
which is the worst condition studied, 
the error in the coefficient of /3 is ap- 
proximately ( 4 k  lo-‘) and ( 2 k  lo4) 
for the first and second terms of the 
series respectively and is negligible 
for practical purposes. 

The effects of dissipation, variation 
of the ratio E J E , ,  variable properties 
of fluid, gravitational field effects, and 
unequal wall temperatures will be 
considered in future investigations 
concerning the transition region. 
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100 10 

-177.3 -82.01 
365 150 

-730.2 -215.2 
1,626 299.8 

100 10 

-49.31 -23.55 
165.5 59.22 

-480.2 -105.1 
854.7 155.7 

100 10 

-16.52 -8.365 
119 29.3 

303.7 72.5 
-270.5 -58.04 

100 10 

-8.488 -4.387 
71.42 17.49 

-102.4 -27.14 
122.9 33.42 

42,647 

1. 

-26.99 
53.43 

-74.31 
96.04 

11,695 

1. 

-8.989 
20.79 

-31.93 
41.66 

5,763 

1. 

-3.788 
10.02 

-15.17 
20.51 

5,038 

1. 

-2.285 
6.337 

-9.472 
12.21 

0.1 

-6.792 
15.48 

-22.57 
29.24 

0.1 

-3.127 
7.653 

-11.67 
15.27 

0.1 

-1.928 
5.019 

-7.511 
9.809 

0.1 

-1.586 
4.172 

-6.374 
8.43 

0.01 

-2.286 
6.089 

-9.597 
12.95 

0.01 

-1.74 
4.77 

-7.508 
10.03 

0.01 

-1.554 
4.166 

-6.349 
8.332 

4,800 

0.01 

3.899 3.807 

7.97 7.893 

-1.483 -1.429 

-6.002 -5.92 
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N p e m  = ( N R ~ , )  ( N P ~ )  

N,, = Prandtl number 

N,, = Reynolds number (e ) 
r&tn 

N R B ~  = - 
V 

Greek Letters 

ff = thermal diffusivity 

/3 = dimensionless axial distance 

(3 
ch = eddy difhsivity of heat (La/ 

Q ,  = eddy difhsivity of momen- 

E = dimensionless distance from 

t )  

tum (L”/t) 

(9 center to wall 

e = dimensionless temperature 
T - T ,  ( z - 4  

x = eigenvalue 
P = viscosity ( M / L t )  

P = density (M/La) 
V = kinematic viscosity ( L 2 / t )  

U = 

Subscripts 

b = mean value 
i = inlet value 

I = index 
m = maximum value 
n = mode of eigenvalue 
0 = wall value 
co = asymptotic value 
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Mass Transfer and Effective Interfacial 

Areas in Packed Columns 
FUMITAKE YOSHIDA and TETSUSHI KOYANAGI 

Kyoto University, Kyoto, Japan 

Experimental studies on the mass transfer rates were performed for three kinds of operations: 
vaporization of water into air; absorption of methanol vapor by water; and distillation of three 
binary mixtures, trichloroethylene-toluene, ethanol-water, and acetone-water, by use of columns 
of the same diameter packed with 25- ond 15-mm. Raschig rings. Correlations are presented for 
the individual phase height of a transfer unit and also for the effective interfacial areas. The 
effective areas for a given packing vary depending on the kind of operation as well os on the 
liquid rate and surface tension. The effective interfacial area for vaporization is significantly 
larger than that for absorption. The effective area for distillation seems to be roughly the same 
as that for absorption, i f  correction is made for the effect of  surface tension. 

Separation of volumetric mass trans- transfer coefficient, k, or k,, and the 
fer coefficients in packed columns, effective interfacial area a was at- 
such as k,a and k,a, into the mass tempted by Shulman and co-workers 
__ (22) and by the present authors (30). 

Tetsushi Koyanagi is at Kansai University, H~~~~~~ there remains a question of Osaka, Japan. 

whether or not the effective area varies 
with the kind of operation. This paper 
compares the effective areas for va- 
porization and absorption and presents 
the results of a study on a packed dis- 
tillation column. Columns of the same 
diameter were used throughout the 
three kinds of experiments. 
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